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The chiral QED3–Gross-Neveu-Yukawa (QED3-GNY) theory is a 2 + 1-dimensional U(1) gauge
theory with Nf flavors of four-component Dirac fermions coupled to a scalar field. For Nf = 1,
the specific chiral Ising QED3-GNY model has recently been conjectured to be dual to the decon-
fined quantum critical point that describes Neel–valence-bond-solid transition of frustrated quantum
magnets on square lattice. We study the universal critical behaviors of the chiral QED3-GNY model
in d = 4 − ǫ dimensions for an arbitrary Nf . We calculate the boson anomalous dimensions, in-
verse correlation length exponent, as well as the scaling dimensions of nonsinglet fermion bilinear
in the chiral QED3-GNY model. The Pade´ estimates for the exponents are obtained in the chi-
ral Ising-, XY- and Heisenberg-QED3-GNY universality class respectively. We also establish the
general condition of the supersymmetric criticality for the ungauged QED3-GNY model. For the
conjectured duality between chiral QED3-GNY critical point and deconfined quantum critical point,
we find the inverse correlation length exponent has a lower boundary ν−1 > 0.75, beyond which the
Ising-QED3-GNY–CP
1 duality may hold.
I. INTRODUCTION
The theoretical study of critical behavior undergoes
several main stages. The first stage refers to the classical
phase transition at finite temperature, the many-body
systems exhibit continuous phase transition at some crit-
ical point upon lowing the temperature. Each phases of
matter separated by the critical point can be character-
ized in terms of a local order-parameter which allows to
classify and distinguish in different phases. For classical
criticality, the dominant fluctuations degrees of freedom
at the critical point only relevant to space fluctuations of
order-parameter. The second stage refers to the quantum
phase transition at zero temperature, the ground state of
strongly correlated systems changes qualitatively at the
quantum critical point (QCP)[1], upon tuning nontem-
perature parameters such as coupling strength and chem-
ical doping. Just as the classical criticality, the quantum
phase transition have a classical analog and can be also
characterized in terms of a local order-parameter. Un-
like the case in classical criticality, the dominant fluc-
tuations at QCP include both space and time fluctua-
tions of bosonic order-parameter. Based on the Landau-
Ginzburg symmetry-breaking theory and the concepts of
scaling laws and universality, the renormalization group
(RG) theory provides a satisfactory description for crit-
ical phenomena[2–4]–this refers to as Landau-Ginzburg-
Wilson (LGW) paradigm.
In recently years, the study of critical behaviors in two
spatial dimensions are going through the exciting third
stage at which the LGW approach fails. A paradig-
matic example of such a phase transition is the Neel–
valence-bond-solid (VBS) transition for Heisenberg spin-
1/2 quantum antiferromagnets on the square lattice[5, 6].
∗Electronic address: jzhou5@gzu.edu.cn
The Neel phase corresponds to conventional antiferro-
magnetic phase which breaks spin-rotation symmetry
spontaneously, the VBS phase corresponds to a con-
ventional crystal of spin singlets which breaks lattice-
rotational symmetry spontaneously. By fine tuning, it
has been argued that the Neel-VBS transition is contin-
uous and the QCP is governed by fractionalized bosonic
spinon degrees of freedom coupled to a noncompact U(1)
gauge field[5, 6]. Both the fractionalized spinons and
the gauge photon are confined in either phase, that is,
they emerge only at the QCP. Hence, the phase tran-
sition has been dubbed deconfined QCP[6, 7], and the
corresponding dual description is given by the (2+1)-
dimensional (2+1D) noncompact CP1 (NCCP1) model.
Numerical studies on the on quantum magnets shows a
striking continuous phase transition[8–11], which agrees
with the theoretic expectations.
Such LGW-forbidden QCP can, however, occur be-
tween unconventional long-range entangled states and
the conventional ordered states, i.e., transition from spin
liquid to VBS order[12], and more examples have been
reviewed by Ref. [12]. More recently, various similar
QCP have been suggested, i.e., transition between easy-
plane XY antiferromagnets and VBS order[7, 13], be-
tween phases with competing order[14–16], between two
length scales[17].
Apart from the deconfined QCP, there exist another
category of QCP which includes the gapless critical
fermionic degrees of freedom coupled to bosonic fluc-
tuations via Yukawa-type interaction. Owing to gap-
less fermionic fluctuations, the theoretical description
of QCP is given by the chiral Gross-Neveu-Yukawa
(GNY) model[18–23], or its purely fermionic version,
the Gross-Neveu model[20]. To understand the crit-
ical properties of such QCP better in three dimen-
sions, the chiral Gross-Neveu model has been studied
by many field-theoretical methods, including perturba-
tive RG[24, 25], large N expansion[26, 27]. The criti-
2cal behavior of the chiral GNY model have recently been
evaluated at three-loop order[20], four-loop orders[23, 28]
and large N formalism[29]. More, a comprehensive anal-
ysis was carried out in [30]. This category of QCP
always occurs in the interacting systems with Dirac
and Weyl excitations[31–34], such as graphene supercon-
ducting criticality[35], emergent supersymmetric critical-
ity on the surface of three-dimensional (3D) topological
insulators[36, 37], fermion-induced quantum criticality in
Weyl or Dirac semimetals[38, 39]. It’s believe that these
QCP belong to different chiral GNY universality class.
The field-theoretical descriptions of the emergent prop-
erties at QCP is challenging. The NCCP1 gauge field
theories give a natural route to a potentially contin-
uous transition between two distinct symmetry-broken
phases[5, 12]. It’s argued that the Neel-VBS deconfined
QCP differs from the O(3) Wilson-Fisher fixed point, and
the existence of monopole event implies the breakdown of
LGW paradigm. Alternatively, there exist another equiv-
alent description of deconfined QCP directly in terms
of the order-parameter by using nonlinear sigma model
with a topological term[40–42]. For SU(2) Neel-VBS de-
confined QCP on square lattice, the order-parameter is
given by a Neel-VBS five-tuplet vector, and the topolog-
ical term is given by Wess-Zumino-Witten term which
directly leads to the breakdown of LGW paradigm at a
deconfined QCP[42]. The sigma model description gave
rise to the possibility that the QCP may have an enlarged
symmetry, which rotates components of the five-tuplet
vector into each other.
There exist, however, a proposed duality web between
different descriptions of QCP[43, 44], which provides an
alternative perspective to understand QCP. The dual-
ity web builds on some earlier fascinating work in the
condensed matter and high energy physics[43] and the
equivalence between easy-plane NCCP1 critical field the-
ory in quantum magnets and 2+1D quantum electrody-
namics (QED3)[45, 46]. Building on these boson-fermion
dualities, the duality web conjectured that the bosonic
and fermionic description for deconfined QCP are dual
to each other[43], all these boson or fermion fields are
coupled to a dynamical U(1) gauge field. Via duality,
two seemingly different theory may be infrared equiva-
lent, namely, they describe the same long-distance be-
havior. The recent Monte Carlo study of the duality be-
tween easy-plane NCCP1 model and QED3 theory with
two flavors of two-component Dirac fermions has pro-
vided strong support for the duality conjecture[13].
Given this recent development, another underlying de-
scription for exotic criticality is the chiral QED3-GNY
universality class. For Neel-VBS deconfined QCP, the
NCCP1 critical field theory has been conjectured to be
dual to chiral Ising QED3-GNY model[43]. An imme-
diate consequence of the duality is the emergence of en-
larged SO(5) symmetry for both theory at the deconfined
critical point[43], which is supported by recent numeri-
cal evidences[47, 48]. The SO(5) symmetry also implies
the coincidence of scaling dimensions between each com-
ponent of five-tuplet. Besides, the existence of SO(5)
symmetry in favor of self-duality of NCCP1 theory.
From the purely theoretical aspects, the chiral QED3-
GNY theory bridges between condensed matter and par-
ticle physics. Besides, it connects closely with some rich
deconfined QCPs[49–51]. Examples of the chiral QED3-
GNY theory include criticality between algebraic and Z2
spin liquid[52], algebraic and VBS transition[53]. The
chiral GNY universality class has been extensively stud-
ied. However, we have rare knowledge of the chiral
QED3-GNY critical behavior and absence of comprehen-
sive understand of the properties of chiral QED3-GNY
universality class. That is one aim of this paper to com-
pute the critical exponent of QED3-GNY theory.
The duality conjecture in (2+1)D, although having
passed a number of consistency checks based on the
symmetries[43] and numerical evidence, still lacks of con-
crete proof. Various theoretical studies of chiral QED3-
GNY model have been carried out recently to test the
prediction of duality conjecture. These include one-loop
Wilson RG[49], ǫ expansion up to three and four loops
order[50, 51] and the 1/N expansion in fixed space-time
dimension d = 3[54]. Some of the critical exponents
estimated from these studies (even at higher-loop or-
ders), unfortunately, are incompatible with the numerical
ranges and seem to be not inconsistent with the duality
prediction. Therefore, the duality conjecture needs to be
further confirmed in a reasonable way.
Motivated by these latest progresses, in this paper,
we study the critical behavior of general chiral QED3-
GNY model for general number of fermion flavors Nf in
an arbitral gauge. We calculate the anomalous dimen-
sion and inverse correlation length exponent ν−1 of the
QED3-GNY theory in chiral Ising-, XY- and Heisenberg-
universality class, respectively. The scaling dimensions
of flavor-symmetry breaking nonsinglet fermion bilinear
have also been evaluated to check the Ising-QED3-GNY–
CP1 duality.
The paper is organized as follows. In the following
section, we introduce the chiral QED3-GNY theory un-
der investigation. Sec.III specify the RG procedure and
the employed techniques, the RG flow equations and the
anomalous dimensions are also presented in this section.
Sec.IV is devoted to the computations of results for the
critical exponents at leading order, Pade´ approximants
are then used for universal exponents in three dimensions
spacetime. In Sec. V, we determine the scaling dimen-
sions of adjoint nonsinglet fermion bilinear and then dis-
cuss the duality predictions. Finally, brief conclusion are
provided in Sec.VI. More details about the calculations
are presented in Appendix.
3II. MODEL DESCRIPTIONS
A. The general chiral QED3-GNY model
The chiral QED3-GNY model describes a variety of
QCP in Dirac systems[43, 49–51]. In this model, the
Dirac fermionic fields couple to the order parameters
via Yuakawa coupling and the order parameters are de-
scribed by a bosonic scalar fields. Here, we are inter-
ested in the general chiral QED3-GNY model, with the
Lagrangian is defined by L = LQED3 + Lφ + Lψφ,
LQED3 = ψ¯i(i∂/µ − eA/µ)ψi −
1
4
FµνF
µν , (1)
Lφ = 1
2
(∂µφa)
2 − m
2
2
φaφa − λ
4!
(φaφa)
2
, (2)
Lψφ = −gψ¯i (Σaφa)ψi, (3)
in (2+1)DMinkowski time-space, where the notation ∂/ =
γµ∂µ is Feynman slash. The repeated indices are summed
over. ψi and its conjugate ψ¯i are 2Nf flavors of two-
component spinors, i = 1, 2, ...2Nf , which can be com-
bined into Nf flavors of four-component spinors[51, 54].
For generality, we will work with an arbitrary flavors
number Nf of four-component spinor in the following,
then the 4×4 gamma matrices γµ form four-dimensional
representation of the Clifford algebra: {γµ, γν} = 2δµν14,
with the indices µ, ν = 0, 1, 2. The conjugate spinor is de-
fined as ψ¯i = ψ
†
i γ0. The RG calculations below does not
need the explicit matrix form of these gamma matrices.
Indeed, we just need the dimensions and the commu-
tativity or anticommutativity between them. The field
strength tensor is Fµν = ∂µAν − ∂νAµ, the gauge field
coupled to fermionic fields through the minimal coupling.
To check the gauge invariance, the gauge fixed-term
Lξ = − 1
2ξ
(∂µAµ)
2, (4)
should be added in the Lagrangian. In the follows, we
will work in an arbitrary gauge.
The Lagrangian given by Lφ describes the pure bosonic
fields, it includes kinetic part and quartic interactions
with strength λ. To describe different universality class,
we generalize the model by introducing a Nb-component
vector for bosonic fields φa, a = 1, 2, ...Nb. The bo-
son mass-square m2 plays the role of tuning parameter
for spontaneous symmetry breaking. In the symmetric
phase (m2 > 0), 〈φa〉 = 0. In the symmetric broken
phase(m2 < 0), the scale field φa acquires a nonzero vac-
uum expectation, implying the spontaneous breaking of
time-reversal symmetry and the dynamical generation of
a fermion mass.
Lψφ denotes Yukawa coupling between bosonic and
fermionic fields. The matrices (Σa)4Nf , signalled var-
ious breaking patterns of the gapped phases, entering
in the fermion kinetic term are made mutually commut-
ing, [Σa, γµ] = 0. In fact, the commuting relation al-
ways holds in the Mott criticality if [γ0,Ma] = 0, where
Ma is the mass matrix corresponding to the ordered
phase with Σa = γ0Ma and γ0 is some suitable Dirac
matrix[15, 55, 56]. In this general QED3-GNY model,
the Yukawa couping g, the charge e as well as the boson
quartic interaction λ, are all marginal at upper critical
dimension duc = 4,
[
e0
]
=
4− d
2
,
[
λ0
]
= 4− d, [g0] = 4− d
2
, (5)
suggesting that the fixed point may be accessible within
the standard epsilon expansion in d = 4 − ǫ dimensions
spacetime. Here we write the couplings with a super-
script to emphasize that these are bare values rather than
renormalized values.
Three kinds of QED3-GNY models are of interests for
us. The first one is the chiral Ising model[23], given by
Lψφ,I = −gψ¯iφψi, (6)
it includes a real single component scale field φ (Nb = 1).
The chiral Ising model have undergone extensive study
in recent times[20, 23, 49–51], for Nf = 1, it has been
suggested as a dual description of NCCP1 model, which
describes a deconfined QCP between Neel and VBS tran-
sition on square lattice[49]; for Nf = 2, it has been sug-
gested to describe criticality between algebraic spin liquid
and a chiral spin liquid on a spin-1/2 kagome antiferro-
magnet. The second one is the chiral XY model, given
by
Lψφ,XY = −gψ¯i(φ1 + iγ5φ2)ψi, (7)
where the matrix γ5 arises from the definition of two-
component complex order parameter. Applications of
the chiral XY model in the condensed matter context in-
clude semimetal-superconductor quantum criticality in
graphene and topological insulators[35], Kekule VBS
transition in graphene[57], and the emergent supersym-
metric critical point at the boundary of a topological
phase with Nf = 2[36]. Another QED3-GNY model,
which breaks spin-rotational symmetry spontaneously,
refers to chiral Heisenberg model, and the Yukawa cou-
pling is given as
Lψφ,H = −gψ¯i[~σ ⊗ 12Nf · ~φ]ψi, (8)
where the Heisenberg order parameter ~φ is a three com-
ponent vector, ~σ denotes three Pauli matrix. The critical
exponents of the GNY model has been studied at four
loops, see for example Ref [23]. However, the gauged chi-
ral XY QED3-GNY model and gauged chiral Heisenberg
QED3-GNY model, to the best of our knowledge, have
rare been studied. Here, as will be shown below, the
chiral QED3-GNY model with an arbitrary Nf and Nb
can be studied in an unified way, as only the commutator
and the dimensions of the gamma matrices are required
to reach the last results.
4B. Feynmann rules
For the general chiral QED3-GNY model, the Feynman
rules can be read off directly from the Lagrangian Eq.(1)
to Eq.(3). The propagator for fermion, scalar field and
gauge field, respectively, are given by
ψ : iS0αβ(p) = iδαβ(p/−M + iǫ)−1, (9)
φ : iD0ab(p) = iδab(p
2 −m2 + iǫ)−1, (10)
A : iG0µν(k) = −i
gµν − (1 − ξ)kµkν/k2
k2 + iǫ
. (11)
The 0 superscript here implies these are bare propaga-
tors. The fermion and scalar field propagators are given
for the massive case, the massless propagator are ob-
tained by setting M = m2 = 0. In addition to the prop-
agator, there are three vertices. The QED3 and Yukawa
vertex are given by [γAψ¯ψ]
µ = −ieγµ, [γφψ¯ψ]a = −igΣa,
respectively. With this notation, the QED3 and Yukawa
vertex functions, at lowest order, take the form
−ieΓµAψψ(p′, p) = −ieγµ, (12)
−igΓaφψψ(p′, p) = −igΣa. (13)
Finally, the bosonic self-interaction vertex reads
γijmn = −i(λ/3)(δijδmn + δimδjn + δinδjm). (14)
The lowest order bosonic vertex function Vijmn takes the
form iVijmn = γijmn.
III. RENORMALIZATION GROUP ANALYSIS
AND TECHNIQUES
To perform standard field-theoretic RG analysis in d =
4−ǫ dimensions spacetime, we first define the bare theory.
The bare Lagrangian for the general chiral QED3-GNY
model is defined by Eq.(1) to (3) but with the fields and
couplings are replaced by their bare counterparts, A →
A0, ψ → ψ0, φ→ φ0, e→ e0, λ→ λ0, g → g0, m→ m0,
ξ → ξ0. Then, the renormalized Lagrangian is given by
LR = Zψψ¯ii∂/µψi − 1
4
ZAF
2
µν −
1
2ξ
(∂µAµ)
2
− eµǫ/2ZψZ1/2A Zeψ¯iA/µψi +
1
2
Zφ(∂µφa)
2
− 1
2
ZφZm2m
2φ2a −
λ
4!
µǫZλZ
2
φ (φaφa)
2
− gµǫ/2ZψZg
√
Zφψ¯i (Σ
aφa)ψi, (15)
where µ denotes the energy scale parameterizing the RG
flow, the explicit energy scale dependencies in the La-
grangian arise from the introduction of dimensionless
couplings, g 7→ gµǫ/2, λ 7→ λµǫ and e 7→ eµǫ/2. We
have also defined the fields renormalization constants Zψ,
Zφ and ZA, such that ψ0 =
√
Zψψ, φ0 =
√
Zφφ and
A0µ =
√
ZAAµ. The renormalization relate the bare and
renormalized values as
X0 = ZXX, X = e, λ, g,m
2. (16)
Further, we have also defined the relation ξ0 = ZAξ for
the demand that the gauge-fixing term is form-invariant.
In the minimal subtraction scheme, the renormalization
constants depend only on the dimensionless couplings
and 1/ǫ and can be expanded into formal Laurent series,
yielding
ZX(ǫ, λ, g, e) = 1 +
∞∑
k=1
ZX,k(λ, g, e)
ǫk
. (17)
The beta functions and the anomalous dimensions can
be derived from these renormalization constants. By em-
ploying the dimensional regularization, we evaluate these
renormalization constants in Appendix B with minimal
subtraction.
A. Beta functions
The beta function are defined as the logarithmic
derivatives with respect to the energy scale µ,
βe =
de
d lnµ
, βg =
dg
d lnµ
, βλ =
dλ
d lnµ
, (18)
where the coupling constants e, g and λ are all dimen-
sionless. Since the bare couplings are independent of µ,
the beta function can be written as
βX = −Xd lnZX
lnµ
, X = e, λ, g. (19)
Here, the renormalization constants are displayed in Ap-
pendix A. At the leading order, the beta function for the
gauge charge reads
βe = − ǫ
2
e+
Nfe
3
12π2
, (20)
this equation takes the same form as the four-component
spinor quantum electrodynamics in 3 + 1 dimensional
spcetime. The beta function for the Yukawa coupling
is given by
βg = − ǫ
2
g − 6ge
2
(4π)2
+
(2Nf −Nb + 4) g3
(4π)2
. (21)
Furthermore, the beta function for the quartic scalar cou-
pling is given by
βλ = −ǫλ+ 8Nfg
2λ
(4π)2
+
λ2(Nb + 8)/3
(4π)2
− 48Nfg
4
(4π)2
. (22)
Following the notation of Ref. [49], rescaling the cou-
plings according to α2/(8π2) 7→ α2, α2 = e2, g2, λ,
and replacing the quartic scalar coupling according to
5λ/4! 7→ λ, our beta functions fully agree with the expres-
sions in the chiral Ising QED3-GNY model[50, 51]. The
consistency serves as a nontrivial check on our calcula-
tions. In the pure QED3 limit, βe recovers the well-known
QED3 beta function. Setting e = 0 and g = 0, βλ agrees
exactly with the O(Nb) scalar field theory. In the GNY
limit, upon setting e = 0, βg and βλ are consistent with
the beta function of GNY model[23].
B. Anomalous dimensions
The anomalous dimensions is defined as the logarith-
mic derivatives of the renormalization constants with re-
spect to the energy scale µ,
ηX =
1
ZX
dZX
d lnµ
=
∑
X=e,g,λ
d lnZX
dX
βX (23)
where ZX ∈ {Zψ, Zφ, ZA, Zm2} are renormalization con-
stants and given in Appendix A. At the critical point,
the anomalous dimensions govern the scaling behavior
and thus are universal. Explicitly, the one-loop anoma-
lous exponent of the scalar field and fermionic field are
given by
ηφ =
4Nfg
2
(4π)2
, (24)
ηψ =
Nbg
2 − (4 − d− 2ξ)e2
(4π)2
. (25)
Note that ηψ is gauge dependent. However, ηφ has no
dependence on the gauge-fixing parameter, it governs the
power law of the two-point correlation function at the
critical point. Using Eq. (23), one gets the anomalous
dimension for the mass square
ηm2 = −
λ(Nb + 2)/3 + 4Nfg
2
(4π)2
. (26)
Our expressions can be checked in different limit. Upon
setting e = 0 only, our results fully agree with the GNY
model[23]. In the pure QED3 limit, we recover the known
result ηψ = 2e
2/(4π)2 in the Feynman gauge. Upon set-
ting g = e = 0, we have ηm2 = −(Nb + 2)λ/(48π2) for
the O(Nb) scalar field theory.
C. Nonsinglet fermion bilinears operators
The mass term in the chiral QED3-GNY model is a
singlet fermion bilinear ψ¯ψ which is gauge invariant. An-
other gauge invariant symmetry-breaking operator we
can consider is the non-singlet fermion bilinear. Ex-
plicitly, we consider the QED3–Ising-Yukawa theory with
single flavor (Nf = 1) four-component Dirac spinor,
L = ψ¯γµ(i∂µ − eAµ)ψ − gφψ¯ψ, (27)
where the 4 × 4 gamma matrices γµ form a four di-
mensional representation of Clifford algebra. Rewriting
the four-component spinor as ψ = (ψ1, ψ2) and defining
γµ = σz⊗ γ˜µ, where the 2×2 gamma matrices γ˜µ form a
two dimensional representation of Clifford algebra. The
model can be expressed as
L =
2∑
i=1
ψ¯iγ˜
µ(i∂µ − eAµ)ψi − gφ(ψ¯1ψ1 − ψ¯2ψ2), (28)
with ψ¯i = ψ
†
i γ˜
0, i = 1, 2. The SU(2) flavor symmetry is
broken down to SU(1)× SU(1) owing to the presence of
nonsinglet fermion bilinear ψ¯σzψ. In general, the flavor-
symmetry breaking non-singlet SU(Nf ) fermion bilinear
is defined as Ψ¯TAΨ, where the generators TA of SU(Nf ) is
a tracelessNf×Nf Hermitian matrix. In algebra spin liq-
uid, the non-singlet fermion bilinear bridge between field
operators and physical observables like Neel and VBS
order[59]. For the conjectured QED3-GNY–CP
1 duality,
the scaling dimensions of the non-singlet fermion bilinear
is essential to establish the duality[43, 50, 51]. Here, we
present some technics for reaching the scaling dimensions
of nonsinglet fermion bilinears.
The scaling dimensions of SU(Nf ) bilinear can be
determined with the help of nonsinglet fermion bilin-
ear insertions. More precisely, we add the renormal-
ized SU(Nf ) fermion bilinear, δLR = ZMZψMψ¯TAψ,
to the renormalized Lagrangian and then calculate the
one-loop correction (see Fig. 1). Here M serves as an
infinitesimal background field that couples to the non-
singlet fermion bilinear and we have introduced renor-
maliztion constant ZM, which implies the anomalous di-
mension ηM = d lnZM/d lnµ. In this case, the nonsin-
glet fermion bilinear scaling dimension at a non-Gaussian
fixed point reads
∆ψ¯TAψ = d− 1− ηM, (29)
where ηM is the anomalous dimension evaluated at the
fixed point ηM ≡ ηM(e2∗, g2∗, λ∗). Since the fermion bi-
linear are gauge-invariant operators, ηM must be gauge
invariant. Fig. 1 shows the one-loop correction to the
two-point function with infinitesimal M insertion. To
obtain ZM, we need to evaluate the one-loop corrections
and determine the fermion bilinear counter term.
The Feynman diagram in Fig. 1(a) gives
−iMΣcΓ(1)
ψ¯TAψ
(p) =
∫
ddk
(2π)d
1
(p− k)4 (−ieγ
µ)i(p/ − k/)
× (−iMΣc)i(p/ − k/)(−ieγν)Gµν(k),
=: −ie2MΣc 8− 2(1− ξ)
(4π)2ǫ
. (30)
To reach the result we have set the external momentum
6k
p-k p-k
k
p-k p-k
(a)
(b)
M
M
FIG. 1: (Color online) One-loop corrections to the nonsinglet
fermion bilinearMψ¯TAψ.
to be zero. The Fig. 1(b) gives
− iMΣcΓ(2)
ψ¯TAψ
(0) =
∫
ddk
(2π)d
iδab
k4(k2 −m2) (−igΣ
a)ik/
× (−iMΣc)ik/(−igΣb) =: ig2MΣc 2(2−Nb)
(4π)2ǫ
. (31)
The loop corrections contain divergent terms and need
renormalization. A counter term should be added to ab-
sorb the infinite. Using the minimal subtraction, we have
the renormalization condition:
−iΓ(1)
ψ¯TAψ
(0)− iΓ(2)
ψ¯TAψ
(0)− i(ZMZψ − 1) = 0. (32)
To calculate the renormaliztion constant at one-loop, we
expand the Z-factors as ZM = 1 + δM, Zψ = 1 + δψ.
Taking into account the subtraction condition, one has
δM = −Γ(1)ψ¯TAψ(0)− Γ
(2)
ψ¯TAψ
(0)− δψ
=
(5− 2Nb)g2 − 6e2
(4π)2
1
ǫ
, (33)
and the anomalous dimensions ηM is given by
ηM =
1
ZM
∑
X=e,g
dZM
dX
βX =
6e2 − (5− 2Nb)g2
(4π)2
. (34)
IV. CRITICAL EXPONENTS
To determine the critical exponents, we begin by
searching for the fixed points with couplings (e2∗, g
2
∗, λ∗).
The beta functions Eqs.(20)-(22) admit eight fixed
points: the Gaussian fixed point (0,0,0), the confor-
mal QED3 fixed point (6π
2ǫ/Nf , 0, 0), the Wilson-Fisher
fixed point (0, 0, 48π2ǫ/(Nb + 8)), the QED3–Wilson-
Fisher fixed point with e2∗ 6= 0, g2∗ = 0, λ∗ 6= 0. And
two GNY fixed points with e2∗ = 0, g
2
∗ 6= 0, λ∗ 6= 0.
Besides, there are two QED3-GNY fixed points:
e2∗ =
6
Nf
π2ǫ, (35)
g2∗ =
4(2Nf + 9)
Nf (4−Nb + 2Nf )π
2ǫ, (36)
λ±∗ = 24
−(2Nf +Nb + 14)± F
(4−Nb + 2Nf)(Nb + 8)π
2ǫ, (37)
with
F =
√
(2Nf +Nb + 14)2 + 4(Nb + 8)(2Nf + 9)2/Nf .
(38)
In agreement with previous study Ref.[49], of all these
fixed points only the positive QED3-GNY fixed points
(e2∗, g
2
∗, λ
+
∗ ) are stable. The fixed-point and the RG flow
are shown in Fig.2, the positive QED3-GNY fixed points
corresponds to a continuous phase transition at which the
symmetry is spontaneously broken. We also check that
the positive stable fixed point established here holds only
for 2Nf−Nb+4 > 0, otherwise, one has a negative stable
fixed point.
To study the universal critical behavior, we evaluate
the fermion and boson anomalous dimension
η∗X ≡ ηX(e2∗, g2∗, λ+∗ ), (39)
where X = ψ, φ,A,m2. At the conformal QED3 fixed
point, the gauge field anomalous dimension, to leading
order in d = 4 − ǫ, reads ηA = ǫ + O(ǫ2), which arises
from the Ward identity associated with the gauge U(1)
symmetry. The beta function for the mass square is con-
ventionally defined as βm2 = dm
2/d lnµ, which yields
βm2 = −(2 + ηm2)m2, (40)
In terms of the anomalous dimension of mass square at
the fixed point, the inverse correlation length exponent
ν−1 is obtained as
ν−1 = −dβm2/dm2|η∗X = 2 + η∗m2 . (41)
We are interesting with the exponent ν−1 and the scalar
field anomalous anomalous dimension ηφ. Let’s evaluate
the analytical expressions for the critical exponents of
general QED3-GNY theory. At the QED3-GNY fixed
point, from Eqs. (24), (26) and (41), we find
ηφ =
2Nf + 9
(2Nf −Nb + 4)ǫ+O(ǫ
2), (42)
ν−1 = 2− (F − 2Nf −Nb − 14)(Nb + 2)
2(2Nf −Nb + 4)(Nb + 8) ǫ
− 2Nf + 9
2Nf −Nb + 4ǫ+O(ǫ
2). (43)
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FIG. 2: (Color online) The fixed-point structure and the RG flow of QED3-GNY model in (g
2/(8π2), λ/(8π2)) plane to leading
order in d = 4− ǫ dimensions. Here charge is chosen as its infrared stable QED fixed point e2 = 6π2ǫ/Nf . (a)-(c) display the
RG flow of chiral Ising, XY, and O(3) QED3-GNY model, respectively. The critical behavior is governed by the infrared stable
fixed point locates at S with g2 > 0 and λ > 0.
The exponents of the chiral QED3-GNY universality
class can be easily calculated from the analytical expres-
sions. As a nontrivial check, we will see the above expres-
sions recover the result of chiral Ising-QED3–GNY uni-
versality class at corresponding order[50, 51]. In the fol-
lowing, we also calculate the exponents in chiral XY- and
Heisenberg- QED3-GNY universality class. As far as we
are aware, the chiral QED3-GNY universality class, espe-
cially the chiral XY QED3-GNY and chiral O(3) QED3-
GNY universality class, have rare been studied.
A. Chiral Ising QED3-GNY universality calss
In this section, we present the exponents of the in-
tensely studied chiral Ising QED3-GNY universality class
recently. The ungauged chiral Ising QED3-GNY model
with Nf = 2 in graphene lattice has been argued to
describe critical point of semimetal-CDW transition[60].
The spinless fermions on two dimensional lattice with
tuning repulsive interactions also belongs to the chiral
Ising universality class[20, 23]. The ungauged model with
Nf = 1/4 has been argued to relevant to emergent su-
persymmetric critical point on the surface of topologi-
cal phase[37]. Furthermore, the chiral Ising QED3-GNY
model is relevant to the conjectured duality with the
NCCP1 model and the quantum criticality for the spin-
1/2 Kagome antiferromagnet[50, 51].
When the system is tuned to criticality (Fig.2(a)), one
gets the exponents as the function of fermion flavors Nf ,
ηφ =
2Nf + 9
2Nf + 3
ǫ+O(ǫ2), (44)
ν−1 = 2− 10N
2
f + 39Nf +W
6Nf(2Nf + 3)
ǫ+O(ǫ2), (45)
with W =
√
4N4f + 204N
3
f + 1521N
2
f + 2916Nf , which
agrees rather well with Ref.[50, 51]. The Nf = 1 case
relevant for the conjectured duality between chiral Ising
QED3-GNY model and non-compact CP
1 model, the nu-
merical exponents give ηφ = 2.2ǫ, ν
−1 = 2−3.90514ǫ. For
Nf = 2, we obtain ηφ = 1.85714ǫ, ν
−1 = 2−2.7937ǫ. The
plain extrapolation by setting ǫ = 1 gives an unphysical
result, implying that the gauge field tend to worse the
convergence of the ǫ expansion and change the ungauged
chiral Ising GNY universality class qualitatively[23]. To
obtain an estimates of critical exponents for the physical
dimensions, we employ simple Pade´ approximants[50].
At the lowest order, the Pade´ approximants give an
unique [0/1] extrapolation.
The pade´ estimates for the order parameter anomalous
dimensions and the inverse correlation-length exponent
are listed in Table I, we list the extensively study Nf =
1 and Nf = 2 case. Different Pade´ approximants for
the inverse correction length exponent ν−1 in the chiral
Ising QED3-GNY model[50, 51], however, have a rather
large interval ranging from 0.0486 to 0.677. The O(1/N)
result seems an order of magnitude smaller than the 4−ǫ
expansion. Therefore, it will be an inevitable task to give
an improved estimates in future study.
Further, the ungauged chiral Ising QED3-GNY model
with Nf = 1/4 is compatible with an emergent super-
symmetric criticality at which the bosons and fermions
are identical to each other. The critical exponents give
η = ηφ = ηψ = ǫ/7. (46)
At one-loop order, we observe the superscaling relation
ν−1 = (d− η)/2 exactly holds[69]. In general, the super-
symmetric criticality always satisfied for Nb = 4Nf , so
the supersymmetric scenario also exists in the O(2) and
O(4) universality class. Finally, in the e2 = g2 = 0 limit,
the chiral QED3-GNY model reduces to the completely
decoupled chiral fermion theory and scalar O(Nb) field
theory. And the critical behavior is dominated by the
8TABLE I: Critical exponents for chiral QED3-GNY univer-
sality class in d = 2 + 1 dimensional spacetime: Estimates of
inverse correlation length exponent ν−1 and fermions anoma-
lous dimensions ηφ with [0/1] extrapolation at leading ǫ ex-
pansion. For comparison, we also list the estimates from 1/N-
expansion at O(1/N) order.
chiral Ising QED3-GNY Nf ν
−1 ηφ
this work 4− ǫ, [0/1] 1 0.6774 2.2
4− ǫ, [1/1],four-loop[50] 1 0.660 2.00
4− ǫ, [1/1],three-loop[51] 1 0.6595 1.9978
O(1/N),[0/1],[54] 1 ... 0.093
this work 4− ǫ, [0/1] 2 0.8344 1.8571
O(1/N),[0/1],[54] 2 ... 0.17
this work 4− ǫ, [0/1] ∞ 1.3333 1.0
chiral XY QED3-GNY Nf ν
−1 ηφ
this work 4− ǫ, [0/1] 1 0.5374 2.75
O(1/N), [0/1][72] 1 0.27 ...
this work 4− ǫ, [0/1] 2 0.7208 2.1667
O(1/N) [0/1][72] 2 0.426 ...
this work 4− ǫ, [0/1] ∞ 1.3333 1.0
chiral O(3) QED3-GNY Nf ν
−1 ηφ
this work 4− ǫ [0/1] 1 0.4024 3.6667
this work 4− ǫ, [0/1] 2 0.6082 2.6
this work 4− ǫ, [0/1] ∞ 1.3333 1.0
Wilson-Fisher fixed point, one then gets
ν−1 = 2− Nb + 2
Nb + 8
ǫ +O(ǫ2), ηφ = 0, (47)
at leading order. Further, all the six critical exponents
satisfy the scaling relations:
α = 2− dν, β = ν(d− 2 + η)/2, (48)
γ = ν(2 − η), γ = β(δ − 1). (49)
B. Chiral XY QED3-GNY universality class
In condensate condensed-matter, the chiral XY QED3-
GNY universality class is relevant to the quantum criti-
cality at which the order parameter exhibits U(1) symme-
try, i.e., superconductivity criticality[35] and semimetal-
Kekule VBS transition in graphene [57]. At the stable
chiral XY QED3-GNY fixed point (Fig. 2(b)), we get
ηφ =
2Nf + 9
2Nf + 2
ǫ+O(ǫ2), (50)
ν−1 = 2− 8N
2
f + 29Nf +W
10Nf(Nf + 1)
ǫ+O(ǫ2), (51)
with W =
√
4N4f + 224N
3
f + 1696N
2
f + 3240Nf . For the
correlation-length exponent we get ν−1 = 2−5.44305ǫ for
Nf = 1, and ν
−1 = 2 − 3.54939ǫ for Nf = 2. The result
from pade´ estimates of chiral XY QED3-GNY universal-
ity class are listed in table I, together with the estimate
from 1/N expansion at O(1/N). Again, we observe the
criticality qualitatively changed in the ungauged chiral
QED3-GNY universality class.
C. Chiral Heisenberg QED3-GNY universality class
The chiral Heisenberg QED3-GNY universality class
refers to a theory with the order parameter field hav-
ing three real components. A possible candidate is the
field-theoretical formulation of the Mott criticality of in-
teracting electrons, i.e., the Nf = 2 case corresponds to
transition towards an antiferromagnetic state of interact-
ing electrons on the honeycomb lattice[31, 33, 74, 75]. At
the stable QED3-GNY fixed point (Fig.2(c)), one gets
ηφ =
2Nf + 9
2Nf + 1
ǫ+O(ǫ2), (52)
ν−1 = 2− 34N
2
f + 113Nf + 5W
22Nf(2Nf + 1)
ǫ+O(ǫ2). (53)
with W =
√
4N4f + 244N
3
f + 1873N
2
f + 3564Nf . The
numerical evaluation of the correlation-length exponent
provides ν−1 = 2 − 7.93931ǫ for Nf = 1, and ν−1 =
2 − 4.57683ǫ for Nf = 2. In Table I, we also provide
the pade´ estimate for the critical exponents in the chi-
ral Heisenberg [or O(3)] QED3-GNY universality class.
When Nf → ∞, the chiral Ising-, XY- and O(3)-QED3-
GNY theory tend to a same universality class.
Finally, the critical exponents for the chiral QED3-
GNY model should be verified by other approaches, i.e.,
conformal bootstrap approach and sign-free quantum
Monte Carlo simulations. Recently, the Monte Carlo
simulation of quantum rotor model pioneer a new tech-
nique to study chiral QED3-GNY universality class[76].
The lattice quantum electrodynamics with interacting
fermionic matter provide a platform for realizing vari-
ous quantum phases and universality class[53]. By vary-
ing the coupling strength and the coupling constant of
the gauge field, it’s possible for us to reach the breaking
phases such as Ne´el antiferromagnet and valence-bond-
solid. We therefore believe that the numerical results for
the critical behavior of the continuum chiral QED3-GNY
model can be reached by the large-scale numerical Monte
Carlo simulations.
V. FERMION BILINEARS AND
CONJECTURED DUALITY RELATIONS
We are interested in the scaling dimensions of SU(Nf )
flavor nonsinglet fermion bilinear ∆ψ¯TAψ in chiral QED3-
GNY model. In chiral Ising QED3-GNY universality
class, the nonsinglet fermion bilinear relevant for the con-
jectured scaling relations (57) and (59) which bridge be-
tween the Ising QED3-GNY model involving two flavors
of two-component Dirac fermions andthe SU(2) NCCP1
model. According to Eqs.(29) and (34), at one-loop or-
der, we obtain
∆ψ¯TAψ = d− 1−
8Nf + 9Nb + 4NbNf − 9
4Nf(2Nf −Nb + 4) ǫ, (54)
9TABLE II: Pade´ estimates for the flavor nonsinglet fermion
bilinear ∆ψ¯TAψ using [0/1] extrapolation in the chiral QED3-
GNY universality class. The results quoted from 1/N expan-
sion are also listed for comparison.
chiral Ising QED3-GNY [0/1] O(1/N
2)[77]
Nf = 1 1.9565 1.3795
Nf = 2 2.0323 1.6482
Nf = 4 2.1064 1.8116
Nf = 10
5 2.2499 1.9213
chiral XY QED3-GNY [0/1] O(1/N
2)
Nf = 1 1.6180 ...
Nf = 2 1.8541 ...
Nf = 4 2.0196 ...
Nf = 10
5 2.2499 ...
chiral O(3) QED3-GNY [0/1] O(1/N
2)
Nf = 1 1.2558 ...
Nf = 2 1.6514 ...
Nf = 4 1.9229 ...
Nf = 10
5 2.2499 ...
where d = 4− ǫ. For Nb = 1, this expression gives
∆ψ¯TAψ = 3−
2Nf + 6
2Nf + 3
ǫ+O(ǫ2), (55)
which in agreement with Ref.[50]. Strictly speaking, the
flavor nonsinglet fermion bilinear only exists for SU(Nf )
with Nf ≥ 2, implying the absence of flavors symmetry
breaking at SU(1) case. Estimates for the exponents in
three dimensions depend on the radius of convergence of
series O(ǫ2). To provide a comparable estimates, we have
evaluated the SU(Nf ) fermion bilinear scaling dimensions
for various Nf using the Pade´ approximants. Our esti-
mates are shown in Table II. We observe that fermion
bilinear scaling dimensions increase monotonically as Nf
increase in the chiral QED3-GNY universality class, an
interesting feature is that the scaling dimensions has a
maximum value as Nf →∞ in this universality class,
∆maxψ¯TAψ = 2.5. (56)
We now discuss a application of the scaling dimen-
sions of SU(Nf ) adjoint flavor nonsinglet fermion bilin-
ear. Building on early fascinating works, the two fla-
vors of two-component Dirac fermions chiral QED3-GNY
model has recently been conjectured to be dual to the
NCCP1 model[43, 49]. If the duality holds, it would im-
ply an emergent SO(5) symmetry in both models when
they are tuned to their putative critical points. An impli-
cation of the duality is the scalar anomalous dimension
ηφ should coincide at criticality,
ηVBS = ηNeel = ηφ, (57)
where the first equality arises from SO(5) symmetry on
the NCCP1 side and the second one from z†σzz ∼ φ.
Furthermore, both z†z and φ2 are all rank-2 tensors of
the SO(5) vector[43, 50, 51], the former tune through
Neel-VBS criticality in the NCCP1 model and the latter
tune through transition in the chiral QED3-GNY model.
Therefore, the duality between rank-2 operators imply
the correlation-length exponents in two models should
coincide,
νCP1 = νQED3-GNY. (58)
According to the proposed duality, the fermion bilinear
ψ¯TAψ has the same correlations as φ
2 in the chiral QED3-
GNY model, which implies the scaling relation
[ψ¯TAψ] = 3− ν−1QED3-GNY. (59)
This nontrivial scaling relation is particularly interesting
as it only relates the scaling dimensions of different oper-
ators on the QED3-GNY side, which allow us to check the
conjectured duality on a quantitative level. The present
one-loop result gives
3− ν−1 = 2.3226. (60)
which agrees within 16% with the scaling dimensions of
fermion bilinear. Numerical studies of Ne´el-VBS tran-
sition in spin systems find 1/ν ranging from 1.28 to
2.0[8, 79–82], these values are inconsistent with our esti-
mate of ν−1 = 0.6774 for chiral Ising QED3-GNY model.
The anomalous dimensions ηNe´el and ηVBS for the Ne´el
and VBS order parameters, according to the proposed
duality, should coincide with ηφ. The numerical simu-
lations yield ηNe´el ≈ ηVBS[80], with the exponents given
near 0.3. Unfortunately, the one-loop result for ηφ gives
1.9, which is roughly an order of magnitude larger than
the exponent in bosonic systems. As far as we are aware,
the inconsistency remains at higher-order perturbative
calculations[50, 51]. So it will be an essential task to
track the origin for that inconsistency in the future.
The one-loop result of the scaling dimensions of the
SU(Nf ) adjoint flavor nonsinglet fermion bilinear pre-
dict the upper boundary ∆ψ¯TAψ < 2.25 in the chiral
QED3-GNY theory. If the conjectured strong Ising-
QED3-GNY–CP
1 holds at the critical point, then the
inverse correction length exponent should meet
ν−1 > 0.75. (61)
In this case, we expect the higher-loop result provide a
positive correction for ν−1 and the non-perturbative ap-
proaches could provide an improved estimates. In sum-
mary, we have predicted the lower boundary of ν−1 for
strong Ising-QED3-GNY–CP
1 duality.
VI. CONCLUSIONS
We have determined the critical behavior of the chi-
ral QED3-GNY model within the one-loop ǫ expansion
in d = 4 − ǫ dimensional spacetime. By employing the
dimensional regularization and minimal subtraction, the
corresponding renormalization group equation is estab-
lished. In analogy to the special chiral Ising QED3-
GNY model[50], we found the general QED3-GNY model
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FIG. 3: (Color online)The one-loop Feynman diagrams for
self-energy. The wavy line indicates gauge propagator, the dot
line indicates scalar fields propagator, the full line indicates
fermion propagator.
exhibits an unique positive infrared-stable fixed point
at which the criticality is universal, and the positive
infrared-stable fixed point exists for the internal compo-
nents of order parameter less than or equal to 5. Further,
we have calculated the critical exponents and scaling di-
mensions of flavor-symmetry breaking fermion bilinear
for the chiral Ising-, XY- and Heisenberg- QED3-GNY
universality class. The models investigated in this paper
are relevant to Mott criticality of interacting electrons
interacting with a gauge degrees of freedom.
The emergent supersymmetric quantum criticality has
been conjectured as conformal field theories in the un-
gauged QED3-GNY model. In this case, we found the
positive infrared-stable fixed point also holds for the in-
ternal components of order parameter less than or equal
to 5 and the supersymmetry holds for 4Nf = Nb. There-
fore, the supersymmetry criticality should exist in the
Ising, XY and O(4) universality class.
Most interestingly, the present one-loop result for the
inverse correction length exponent is consistent within
16% with the conjectured dual relation that from the
Ising-QED3-GNY–CP
1 duality at the critical point[43,
50, 51]. We found the flavor-symmetry breaking non-
singlet fermion bilinear has a scaling dimensions with
upper boundary ∆ψ¯TAψ < 2.25 in the chiral QED3-
GNY model. If the strong Ising-QED3-GNY–CP
1 du-
ality holds at criticality, the inverse correction length ex-
ponent meets ν−1 > 0.75, which should be numerically
checked in a suitable lattice model.
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Appendix A: One-loop corrections
In this appendix, we present the one-loop corrections
to n-point function. The two-point function refers to
self-energy correction, three three-point function refers
to vertex correction, four-point function refers to bosonic
self-interaction vertex. Here, we work in d = 4 − ǫ di-
mensions, but ultimately we shall set ǫ = 1 to recover
the physical dimensions in d = 3 dimensions.
1. Gauge self-energy
The gauge field self-energy is diagrammatically repre-
sented by Fig. 3(a), which gives
iΠµν = (−1)Nf(−ie)2
∫
ddk
(2π)d
Tr
[
γµ
i
k/
γν
i
(p/+ k/)
]
= −Nfe2
∫
ddk
(2π)d
Tr
[
γµ
k/
k2
γν
(p/+ k/)
(p+ k)2
]
. (A1)
The minus sign (−1) comes from the fermion loop factor.
Owing to the Lorentz invariance and Ward identity, it’s
convenient to extract the tensor structure form the gauge
fields self-energy in the form
iΠµν = (δ
µνp2 − pµpν)Π(p), (A2)
where Π(p) is a scalar function. Performing the integral
over k gives
Π(p) = −i2NfDγe
2
3(4π)2
1
ǫ
. (A3)
where Dγ represents the matrix dimensions of Dirac
gamma matrix. Therefore, the divergent part of gauge
fields self-energy reads
iΠµν =: −i(δµνp2 − pµpν)2NfDγe
2
3(4π)2
1
ǫ
. (A4)
Here and after in this paper, the symbol =: means we
only extract the divergent part when d→ 4.
2. Boson self-energy
The Feynman diagrams in Fig. 3 (b) and (c) give the
bosonic self-energy Σφφ = Σ
ψ
φφ +Σ
φ
φφ. Fig. 3(b) gives
−iΣψφφ = (−1)(ig)2Nf
∫
ddk
(2π)d
Tr
[
Σa
i
k/
Σb
i
(k/+ p/)
]
= −g2Nfδab
∫
ddk
(2π)d
tr
[
1
k/
1
(k/+ p/)
]
. (A5)
where the minus sign (−1) in the first row arises from
the fermionic loop. Evaluation of the integral gives
−iΣψφφ = ig2NfDγδab
p2
(4π)2
1
ǫ
+ finite. (A6)
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Here, the finite part is rather complicated but whose
exact form does not concern us. Diagrammatically,
Fig. 3(c) gives
−iΣφφφ =
1
2
(−iλ/3)(δijδmn + δimδjn + δinδjm)
×
∫
ddk
(2π)d
iδmn
k2 −m2 =: iλ
(Nb + 2)m
2
3(4π)2
1
ǫ
δij .
In terms of Dyson series, we have D−1 = D−10 −Σφφ. So
the full Feynman propagator for scalar fields is given by
iDij = iδij(p
2 −m2 − Σφφ)−1. (A7)
3. Fermion self-energy
The Feynman diagrams in Fig. 3 (d) and (e) give the
bosonic self-energy Σψψ = Σ
φ
ψψ +Σ
A
ψψ, Fig. 3(d) gives
−iΣφψψ = (−ig)2
∫
ddk
(2π)d
Σa
i
k/
Σb
iδab
(p− k)2 −m2
=: ig2
Nb
(4π)2
p/
ǫ
. (A8)
Fig. 3(e) gives
−iΣAψψ = (−ie)2
∫
ddk
(2π)d
γµ
i
k/
γν(−i)Gµν(p− k),
= I1 + (1− ξ)I2. (A9)
where Gµν(p− k) is the gauge propagator. I1 is given by
I1 = −e2
∫
ddk
(2π)d
γµ
k/
k2
γµ
1
(p− k)2
= −e2
∫ 1
0
dx
∫
ddk
(2π)d
(ǫ − 2)k/
[xk2 + (1− x)(p − k)2]2
=: −(ǫ− 2) ie
2
(4π)2
p/
ǫ
. (A10)
where γµγνγµ = −(2 − ǫ)γν has been used. I2 is given
by
I2 = e
2
∫
ddk
(2π)d
(p/ − k/) k/
k2
(p/ − k/)
(p− k)4 =:
−i2e2
(4π)2
p/
ǫ
. (A11)
Specifically, ξ = 1 corresponds to Feynman gauge and
ξ = 0 corresponds to Lorentz (covariant) gauge. In the
Lorentz gauge, I1 cancels I2 exactly as d → 4. Now, in
an arbitrary gauge, the full fermion self-energy reads
−iΣψψ =: iNbg
2 − (ǫ− 2)e2 − 2(1− ξ)e2
(4π)2
p/
ǫ
. (A12)
(a) (b)
(c) (d)
FIG. 4: (Color online)The one-loop Feynman diagrams for
vertex. The wavy line indicates gauge propagator, the dot
line indicates scalar fields propagator, the full line indicates
fermion propagator.
4. Yukawa vertex Γφψψ
The fermions couple with gauge fields and scalar fields
in the Lagrangian. The Feynman diagrams Fig. 4 gives
the Yukawa vertex [Γφψψ]
b(q) = [Γφφψψ]
b(q) + [ΓAφψψ]
b(q).
Fig. 4(a) gives
−ig[Γφφψψ]b(q) =
∫
ddk
(2π)d
ig3δac
[(p− k)2 −m2](q + k)2k2
× (−iΣa)i(q/ + k/)(−iΣb)ik/(−iΣc).
To eliminate divergence in the integral, it’s convenient to
calculate the vertex corrections with zero external mo-
mentum. Setting q = p′ = p = 0, one get
−ig[Γφφψψ]b(0) = g3Σb(2−Nb)
∫
ddk
(2π)d
1
k2 −m2
1
k2
=: ig3Σb
2(2−Nb)
(4π)2
1
ǫ
. (A13)
Similarly, Fig. 4(b) gives
− ig[ΓAφψψ]b(0) = e2
∫
ddk
(2π)d
(−i)Gµν(−k)(−iγµ) i
k/
× (−igΣb) i
k/
(−iγν) = I1(0) + (1− ξ)I2(0). (A14)
I1(0) = e
2
∫
ddk
(2π)d
−iδµν
k2
(−iγµ) i
k/
(−igΣb) i
k/
(−iγν)
=: −i8ge2Σb 1
(4π)2
1
ǫ
. (A15)
I2(0) = e
2
∫
ddk
(2π)d
−i(−)(1− ξ)
k2
kµkν
k2
(−iγµ) i
k/
× (−igΣb) i
k/
(−iγν) =: ige2Σb 2
(4π)2
1
ǫ
. (A16)
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(a) (b)
FIG. 5: (Color online)The one-loop Feynman diagrams for
bosonic self-interaction vertex. The dot line indicates scalar
fields propagator, the full line indicates fermion propagator.
Therefore, one get
−ig[ΓAφψψ]b(0) =: −ige2Σb
8− 2(1− ξ)
(4π)2
1
ǫ
. (A17)
5. QED3 vertex ΓAψψ
The Feynman diagrams in Fig. 4 (c) and (d) give the
Yukawa vertex [ΓAψψ]
µ(q) = [ΓφAψψ ]
µ(q) + [ΓAAψψ]
µ(q).
Setting q = p′ = p = 0, Fig. 4(c) gives
− ie[ΓφAψψ]µ(0) =
∫
ddk
(2π)d
iδac(−igΣa)ik/
[k2 −m2]k4 (−ieγ
µ)ik/
× (−igΣc) =: −ieg2Nbγµ 1
(4π)2
1
ǫ
. (A18)
Fig. 4(d) gives
− ie[ΓAAψψ]α(0) = e3
∫
ddk
(2π)d
(−i)Gµν(−k)(−iγµ) i
k/
× (−iγα) i
k/
(−iγν) = I1(0) + (1− ξ)I2(0). (A19)
I1(0) = e
3
∫
ddk
(2π)d
−iδµν
k2
(−iγµ) i
k/
(−iγα) i
k/
(−iγν)
=: −i2e3γα 1
(4π)2
1
ǫ
. (A20)
I2(0) = e
3
∫
ddk
(2π)d
−i(−1)(1− ξ)
k2
kµkν
k2
(−iγµ) i
k/
× (−iγα) i
k/
(−iγν) =: ie3γα 2(1− ξ)
(4π)2
1
ǫ
. (A21)
We then get
−ie[ΓAAψψ]α(0) =: −ie3γα
2− 2(1− ξ)
(4π)2
1
ǫ
. (A22)
6. Boson self-interaction vertex
The Feynman diagrams Fig.5 gives the bosonic four-
point vertex, iVijmn(p) = iV
(1)
ijmn(p)+iV
(2)
ijmn(p). Fig. 5(a)
gives
iV
(1)
ij,mn(0) = −2Nf(−ig)4
∫
ddk
(2π)d
tr[Σiik/Σjik/Σmik/Σnik/]
k8
=: −ig4 16Nf
(4π)2
[δijδmn + δimδjn + δinδjm]
1
ǫ
. (A23)
Fig. 5(b) gives
iV
(2)
ij,mn(p) =
1
2
(−iλ/3)2(δijδkl + δikδjl + δilδjk)
× (δmnδst + δmsδnt + δmtδns)
×
∫
ddk
(2π)d
iδks
(k + p)2 −m2
iδlt
k2 −m2 , (A24)
where we have used the Feynman rule for O(Nb) bosonic
self-interaction vertex
γijmn = (−iλ/3)(δijδmn + δimδjn + δinδjm). (A25)
This expression is logarithmically divergent at large mo-
mentum. To eliminate the ultraviolet divergence, setting
p = 0, one get the divergence
iλ2
9(4π)2
[(Nb + 4)δijδmn + 2δimδjn + 2δinδjm]
1
ǫ
. (A26)
By including all the crossed diagrams, the total correc-
tion is given by
iV
(2)
ijmn(0) =:
i(Nb + 8)λ
2
9(4π)2
[δijδmn + δimδjn + δinδjm]
1
ǫ
.
(A27)
Appendix B: Renormalization conditions
To determine the counter terms, we expand the renor-
malization constants as ZX = 1 + δX , these δX factors
are called counter terms. In the perturbation theory, the
counter terms are all infinite and they are determined
to subtract off the divergence. To this end, we have the
following renormalization conditions:
− iΣφψψ − iΣAψψ + ip/δψ = 0, (B1)
− iΣψφφ − iΣφφφ + i[p2δφ −m2(δφ + δm2)] = 0, (B2)
i(δµνp2 − pµpν)Π(p)− i(δµνp2 − pµpν)δA = 0. (B3)
− ig[Γφφψψ]b − ig[ΓAφψψ]b − igΣbδ2 = 0, (B4)
− ie[ΓφAψψ]µ − ie[ΓAAψψ]µ − ieγµδ1 = 0, (B5)
iV
(1)
ijmn(0) + iV
(2)
ijmn(0)− i(2δφ + δλ)λ/3
× [δijδmn + δimδjn + δinδjm] = 0. (B6)
Eqs.(B1)-(B3) correspond to fermion self-energy, boson
self-energy and gauge self-energy, respectively; Eqs.(B4)-
(B6) correspond to Yukawa vertex, QED3 vertex and bo-
son self-interaction vertex, respectively. We also define
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Z1 = ZψZe
√
ZA and Z2 = ZψZg
√
Zφ. These renormal-
ization constants can be read off from these conditions.
Zψ = 1− g
2Nb + 2e
2 − 2(1− ξ)e2
(4π)2ǫ
, (B7)
Zφ = 1− 4Nfg
2
(4π)2ǫ
. (B8)
ZA = 1− 8Nfe
2
3(4π)2ǫ
, (B9)
Zm2 = 1 +
(Nb + 2)λ/3 + 4g
2Nf
(4π)2ǫ
. (B10)
Z1 = 1− g
2Nb + 2e
2 − 2(1− ξ)e2
(4π)2ǫ
, (B11)
Z2 = 1 +
2(2−Nb)g2 − 8e2 + 2(1− ξ)e2
(4π)2ǫ
. (B12)
Zλ = 1 +
8Nfg
2 + (Nb + 8)λ/3− 48Nfg4/λ
(4π)2ǫ
, (B13)
Ze = 1+
4Nfe
2
3(4π)2ǫ
, (B14)
Zg = 1+
(2Nf −Nb + 4) g2 − 6e2
(4π)2ǫ
. (B15)
The beta function, for example βλ, is determined by
d[Zλµ
ǫλ]/dµ = 0, yielding
βλ = −ǫλ+ 8Nfg
2λ
(4π)2
+
λ2(Nb + 8)/3
(4π)2
− 48Nfg
4
(4π)2
. (B16)
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